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Abstract In this paper, we study and predict flow
observables in 2.76 A TeV and 5.02 A TeV Pb +Pb
collisions, using the iEBE-VISHNU hybrid model with
TRENTo and AMPT initial conditions and with different
forms of the QGP transport coefficients. With prop-
erly chosen and tuned parameter sets, our model calcu-
lations can nicely describe various flow observables in
2.76 A TeV Pb +Pb collisions, as well as the measured
flow harmonics of all charged hadrons in 5.02 A TeV Pb
+Pb collisions. We also predict other flow observables,
including vn(pT ) of identified particles, event-by-event
vn distributions, event-plane correlations, (Normalized)
Symmetric Cumulants, non-linear response coefficients
and pT -dependent factorization ratios, in 5.02 A TeV
Pb+Pb collisions. We find many of these observables
remain approximately the same values as the ones in
2.76 A TeV Pb+Pb collisions. Our theoretical studies
and predictions could shed light to the experimental
investigations in the near future.
1 Introduction
At extreme high temperature and density, the nu-
clear matter can experience a phase transition and form
the quark-gluon plasma (QGP). The main goals of the
relativistic heavy-ion collisions at Relativistic Heavy
Ion Collider (RHIC) and the Large Hadron Collider
(LHC) are to create the QGP and to explore its proper-
ties [1,2,3]. Since the running of RHIC in 2000, strong
evidences have been gradually accumulated for the cre-
ation of the QGP, including jet quenching, strong col-
lective flow and the valance quark scaling of the ellip-
tic flow [1,2,3]. Hydrodynamics and hybrid models are
successful tools to simulate the collective expansion of
ae-mail: Huichaosong@pku.edu.cn
the QGP fireball and to study various flow observable
at RHIC and the LHC [4,5,6,7,8,9]. The past research
has revealed that the created QGP fireballs fluctuate
event-by-event and behave like nearly perfect liquids
with very small specific shear viscosity [7,8,9,10,11,12].
In the past few years, various flow observables have
been extensively measured and studied in 2.76 A TeV
Pb+Pb collisions, including the integrated and differ-
ential flow harmonics [13,14,15,16,17,18,19], the event-
by-event vn distributions [19,20,21,22], the event-plane
correlations [23,24,25,26,27], and the correlations be-
tween different flow harmonics (Symmetric Cumulants) [27,
28,29,30,31,32,33], the pT or η-dependent de-correlations
of the flow vector [34,35,36,37,38,39,40,41] and etc..
Many of these flow observables reflect the information
on the event-by-event initial state fluctuations and the
non-linear evolution of the system, which provide con-
straints for the initial condition models and the QGP
transport coefficients. For example, it was found that
the event-by-even vn distributions mostly follow the
the event-by-even εn distributions of the initial state
for n=2 and 3, which does not favor the traditional
MC-Glauber and MC-KLN models with nucleon position
fluctuations [19,20]. Based on eikonal entropy deposi-
tion via a reduced thickness function, Moreland and his
collaborators constructed a parametric TRENTo model
that could match various initial conditions with tun-
able parameters [42]. Using TRENTo initial conditions,
the Duke and OSU group has performed massive data
simulations of iEBE-VISHNU hybrid model and system-
atically evaluated the measured multiplicity, mean pT
and integrated vn in 2.76 A TeV Pb+Pb collisions. The
extracted temperature dependent specific shear viscos-
ity η/s(T ) is an approximately linear function with a
minimum value close to the KSS bound near Tc [43].
The early hydrodynamic or hybrid model simulations,
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2using either IP-Glasma [19], or AMPT [18] or EKRT ini-
tial conditions [30], can also nicely fit the integrated and
differential flow harmonics with a constant or tempera-
ture dependent η/s, close to the KSS bound near Tc. In
fact, the flow harmonics vn are not sensitive to the de-
tails of the initial condition models as along as the bal-
anced initial eccentricities can be produced with some
tunable parameters. Other flow measurements, e.g., the
event-plane correlations, Symmetric Cumulants, non-
linear response coefficients, the de-correlation of the
flow vector and etc., could reveal more details on initial
state fluctuations and the non-linear hydrodynamic re-
sponse [23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,
38,39,40,41]. A systematic study of these flow observ-
ables will help us to test the model calculations and the
extracted QGP viscosity as well as to further evaluate
and constrain the initial condition models.
Recently, the ALICE collaboration has measured
the integrated and differential flow harmonics of all
charged hadrons in 5.02 A TeV Pb +Pb collisions [44].
It was found, with the collision energies raised from 2.76
A TeV to 5.02 A TeV, v2, v3 and v4 slightly increase
with the increase of average transverse momentum, as
predicted by early hydrodynamic calculations [45,46].
In this paper, we will implement iEBE-VIHSNU hybrid
model with TRENTo and AMPT initial conditions to study
and predict various flow observable in 2.76 A TeV and
5.02 A TeV Pb+Pb. Instead of predicting the flow har-
monics vn of all charged hadrons at 5.02 A TeV (which
has been done in [45,46]), we use these available data
to fix the free parameters in the iEBE-VIHSNU simula-
tions and then make predictions for other flow observ-
ables, including the differential flow harmonics vn(pT )
of identified hadrons, the event-by-event vn distribu-
tions, the event-plane correlations, the Symmetric Cu-
mulants, non-linear response coefficients and the pT -
dependent factorization ratios. We have noticed that
the MC-grill group also predicted various flow observ-
ables in 5.02 A TeV Pb+Pb collisions, using MUSIC
simulations with the IP-Glasma initial conditions [47].
Compared with their calculations [47] and other early
investigations [45,46], our predictions are more com-
plete, which are also on time and can be measured in the
near future. For example, the Symmetric cumulants and
non-linear response coefficients in 5.02 A TeV Pb+Pb
collisions are firstly predicted in this paper, which have
not been done elsewhere as far as we know. Secondly,
the parameters in iEBE-VIHSNU are fine tuned to fit
the published soft hadron data, which give more reli-
able predictions for these un-measured flow observables.
For example, our descriptions of vn(pT ) of all charged
hadrons are better than the ones in [47]. Correspond-
ingly, the predicted flow harmonics of identified hadrons
are also more reliable. Besides, it is worthwhile to in-
vestigate the same flow observables using the hydro-
dynamic calculations with different initial conditions,
which could help us to understand the details of the ini-
tial state fluctuations and may help us to locate some
certain flow observables to further constrains the initial
conditions.
This paper is organized as the following: Sec. 2 in-
troduces the iEBE-VISNU hybrid model and the set-ups
of calculations with TRENTo and AMPT initial conditions.
Sec. 3 introduces the methodology to calculate various
flow observables. Sec. 4 presents and discusses the cal-
culated and predicted flow observables in 2.76 A TeV
and 5.02 A TeV Pb+Pb collisions. Sec. 5 summarizes
and concludes.
2 The model and set-ups of the calculations
2.1 iEBE-VISHNU hybrid model
In this paper, we will implement iEBE-VISHNU hy-
brid model to study and predict various flow observ-
ables in 2.76 A and 5.02 A TeV Pb+Pb collisions. iEBE-
VISHNU [48] is an event-by-event version of the VISHNU
hybrid model [49], which combines (2+1)-d viscous hy-
drodynamics VISH2+1 [50,51,52] to describe the expan-
sion of the QGP fireball with a hadron cascade model
(UrQMD) [53,54] to simulate the succeeding evolution of
the hadron resonance gas.
In the hydrodynamics part, iEBE-VISHNU solves the
transport equations for energy-momentum tensor Tµν
and the 2nd order Israel-Stewart equations for shear
stress tensor piµν and bulk pressure Π [50,51,52]:
∂µT
µν(x) = 0, Tµν = euµuν − (p+Π)∆µν + piµν ,
Π˙ = − 1
τΠ
[
Π + ζθ +ΠζT∂µ
(τΠuµ
2ζT
)]
, (1)
∆µα∆νβ p˙iαβ = − 1
τpi
[
piµν − 2η∇〈µuν〉 + piµνηT∂α
(τpiuα
2ηT
)]
,
where e, p and T are the local energy density, pressure
and temperature, and uµ is the flow 4-velocity. ∆µν =
gµν−uµuν , ∇〈µuν〉 = 12 (∇µuν + ∇νuµ) − 13∆µν∂αuα
and θ = ∂ · u. η is the shear viscosity, ζ is the bulk
viscosity and τpi, τΠ are the corresponding relaxation
times. Here, we neglect the equations for net charge
current and heat flow since we focus on the soft physics
at the LHC, where both net baryon density and heat
conductivity are negligible. With a Bjorken approxima-
tion vz = z/t [55], the above equations can be written
in a 2+1-d form with longitudinal boost invariance [51,
52,56], which largely increase the numerical efficiency
when compared with the full 3+1-d simulations.
3For the hydrodynamic simulations, one needs to in-
put an equation of state (EoS), P = P (e), to close
the system. Following [43], we implement a state-of-art
EoS that matches the recent lattice EoS at zero baryon
density from the HotQCD collaboration [57] and the
hadron resonance gas EoS using a smooth interpolation
function.
In the hybrid model, the switch between hydrody-
namics and hadron cascade simulations is realized by a
particle event generator, which converts the hydrody-
namic outputs on a switching hyper-surface into various
hadrons with specific momentum and position for the
succeeding UrQMD simulations. More specifically, such
Monte Carlo event generator is constructed according
to the differential Cooper-Frye formula [49]:
E
d3Ni
d3p
(x) =
gi
(2pi)3
p · d3σ(x) fi(x, p), (2)
where fi is the distribution function of particle i which
includes both equilibrium and non-equilibrium contri-
butions fi = fi0 + δfi. d
3σ(x) is a volume element of
the switching hypersurface Σ, which is generally de-
fined by a constant switching temperature Tswith. Fol-
lowing [43], Tswitch is set to 148 MeV and the non-
equilibrium distribution function is taken the form δf =
δfshear = f0
(
1∓f0
) pµpνpiµν
2T 2(e+p)
1.
After conversing the fluid into various hadrons, the
evolution of the hadron matter is simulated by the Ultra-
relativistic Quantum Molecular Dynamics (UrQMD) through
solving the Bolzmann equations [53,54]:
dfi(x, p)
dt
= Ci(x, p), (3)
where fi(x, p) is the distribution function of hadron
species i and Ci(x, p) is the corresponding collision terms.
According to these equations, the produced hadrons
propagate along classical trajectories, together with the
elastic, inelastic scatterings and resonance decays. When
all the interactions cease, the evolution stops and fi-
nal information of produced hadrons are output to be
further analyzed and compared with the experimental
data.
1Note that the bulk viscous correction δfbulk is neglected
here. In fact, δfbulk has a variety of forms, which more or
less influences the flow observables when bulk pressure or
transverse momentum become large [58,59]. To avoid such
uncertainties for the massive data fitting, Ref. [43] directly
set δfbulk = 0 in the particle event generator of iEBE-VISHNU.
For our simulations with TRENTo initial condition, we input
the same parameterizations for specific shear and bulk vis-
cosity (para-I in Fig. 1) and thus set δf = δfshear as [43]. For
the AMPT initial condition, we input a constant specific shear
viscosity and zero bulk viscosity (para-II in Fig. 1) in the
iEBE-VISHNU simulations, which does not need the additional
δfbulk corrections for δf .
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Fig. 1 Two sets of specific shear viscosity η/s and specific
bulk viscosity ζ/s as a function of temperature, used in
iEBE-VISHNU simulations with TRENTo initial condition (para-I)
and AMPT initial condition (para-II).
2.2 Set-ups
In this paper, we will implement two different initial
conditions, called TRENTo and AMPT, in the iEBE-VISHNU
simulations. In this sub-section, we will briefly intro-
duce these two initial conditions and the set-ups of re-
lated parameters for the simulations in Pb+Pb colli-
sions at 2.76 A TeV and 5.02 A TeV.
The TRENTo model parameterizes the initial entropy
density via the reduced thickness function [42]:
s = s0
(
T˜ pA + T˜
p
B
2
)1/p
, (4)
where T˜ (x, y) is the modified participant thickness func-
tion T˜ (x, y) =
∑Npart
i=1 γi Tp(x−xi, y−yi) and γi is a ran-
dom weighting factor. Tp is the nucleon thickness func-
tion with a Gaussian form: Tp(x, y) =
1
2piw2 exp(−x
2+y2
2w2 )
and w is a tunable effective nucleon width. s0 is a nor-
malization factor and p is a tunable parameter, which
makes TRENTo model effectively interpolates among dif-
ferent entropy deposition schemes, such as KLN, EKRT,
WN, and so on [42,43]. Following [43], we input a tem-
perature dependent specific shear viscosity η/s(T ) and
specific bulk viscosity ζ/s(T ) for the simulations with
TRENTo initial condition. In Ref. [43], the specific shear
viscosity η/s(T ) above Tc was assumed to be a linear
function with tunable minimum value and slope pa-
rameter. The specific bulk viscosity ζ/s(T ) was taken
a peak form with two functions falls off exponentially
at each side, together with a tunable overall normaliza-
tion factor. Using Bayesian statistics, the free parame-
ters of TRENTo , the initial time τ0, switching temper-
ature Tsw, and the parameterized η/s(T ) and ζ/s(T )
in iEBE-VISHNU simulations, are simultaneously tuned
through the massive data fitting of final multiplicity,
mean pT and integrated flow harmonics vn in 2.76 A
4TeV Pb+Pb collisions. Such massive data evaluation
prefer τ0 = 0.6 fm/c, Tsw = 148 MeV, together with
the extracted η/s(T ) and ζ/s(T ) curves shown in Fig. 1
(denoted as para-I). Other well calibrated parameters
for TRENTo initial condition can be found in table IV
in [43].
In this paper, we will study and predict various flow
observables in both 2.76 A TeV and 5.02 A TeV Pb+Pb
collisions. As shown in Fig. 2, the final multiplicities
only increase by ∼ 30% after the collision energy raised
from 2.76 A TeV to 5.02 A TeV, which corresponds to
∼ 10% increase of the initial temperature. We thus use
the same η/s(T ) and ζ/s(T ) parametrization as well as
other related parameter sets extracted in [43], except
for re-tuning the normalization factor s0 in Eq. (4) to
fit the final multiplicities of all charged hadrons in 5.02
A TeV Pb+Pb collisions 2. We found that such param-
eter set-ups could equally well describe the measured
flow harmonics of all charged hadrons in both 2.76 A
TeV and 5.02 A TeV Pb+Pb collisions (please refer to
Sec. 4 for details).
The AMPT initial condition[18,61,62] constructs the
initial energy density profiles through the energy de-
compositions of individual partons via a Gaussian smear-
ing:
 = K
∑
i
E∗i
2piσ2τ0∆ηs
exp (− (x− xi)
2 + (y − yi)2
2σ2
),
(5)
where σ is the Gaussian smearing factor, E∗i is the
Lorentz invariant energy of the produced partons and
K is an additional normalization factor. For simplicity,
the initial flow are neglected as Ref. [18,61,62] and the
total produced partons from AMPT are truncated within
|η| < 1 to construct the initial energy density profiles
in the transverse plane according to the Eq.(5).
Following [18], we input a constant QGP specific
shear viscosity and zero specific bulk viscosity, and set
the parameters for the pre-equilibrium AMPT evolution
as: Lund string fragmentation a=2.2 and b=0.5, strong
coupling constant α = 0.4714 and the screening mass
µ=3.226 fm−1. Again, considering that the final multi-
plicities from 2.76 A TeV to 5.02 A TeV Pb+Pb colli-
sions only increase by ∼ 30%, we use the same hydro-
dynamic starting time τ0 = 0.6fm/c, transport coeffi-
cients η/s = 0.08, ζ/s = 0 (denoted as para-II in Fig. 1)
and Gaussian smearing factor σ = 0.6, and switching
2The centralities here and the ones for following calculations
in Sec. 4 are all cut by the distributions of all charged hadrons
with |η| < 0.5.
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Fig. 2 (Color online) The centrality dependence of the
charged-hadron multiplicity density dNch/dη (|η| < 0.5) in
Pb + Pb collisions at 2.76 A TeV and 5.02 A TeV, calculated
from iEBE-VISHNU with TRENTo and AMPT initial conditions. The
experimental data are taken from [63] and [64], respectively.
temperature Tsw = 148 MeV, but only tune the nor-
malization factor K of the initial condition to fit the
final multiplicities of all charged hadrons in 2.76 A and
5.02 A TeV Pb+Pb collisions. We found such parame-
ter set-ups can nicely fit the multiplicity, pT -spectra and
integrated flow harmonics vn of all charged hadrons at
these two collision energies (please also refer to Sec. 4).
The details of parameter tuning can be found in our
earlier paper [18].
3 Flow observables
In this section, we will briefly introduce the calcula-
tion of various flow observables that will be shown in the
next section, which include flow harmonics vn, event-
by-event vn distributions, event-plane correlations, the
Symmetric Cumulants, non-linear response coefficients,
and the pT -dependent factorization ratios.
Flow harmonics and the Q-cumuant method
The flow harmonics measure the anisotropy of mo-
mentum distributions of final produced hadrons. It can
be obtained from a Fourier expansion of the event-
averaged azimuthal particle distributions [65]:
dN
dϕ
=
1
2pi
∞∑
−∞
Vne
−inϕ
=
1
2pi
(1 + 2
∞∑
n=1
vne
−in(ϕ−Ψn)),
(6)
where Vn is the n-th order flow-vector, defined as Vn =
vne
inΨn , vn = 〈cos n(ϕ−Ψn)〉 is the n-th flow harmonics
and Ψn is the corresponding event plane.
5The generally used Q-cumulant method [66] mea-
sures the flow harmonics vn from 2- and multi-particle
correlations without the knowledge of the event plane.
The Qn-vector is defined as:
Qn =
M∑
i=1
einϕi , (7)
where M is the multiplicity in a single event and ϕi is
the azimuthal angle of the emitted particle i. With this
Qn-vector, the 2-and 4-particle azimuthal correlations
in a single event can be calculated as [66]:
〈2〉n,−n = |Qn|
2 −M
M(M − 1) ,
〈4〉n,n,−n,−n = |Qn|
4 + |Q2n|2 − 2 · Re[Q2nQ∗nQ∗n]
M(M − 1)(M − 2)(M − 3)
− 22(M − 2) · |Qn|
2 −M(M − 3)
M(M − 1)(M − 2)(M − 3) ,
(8)
Here, we have used the general notation of the single-
event k-particle correlators 〈k〉n1,n2,...,nk ≡ 〈cos(n1ϕ1+
n2ϕ2+· · ·+niϕi)〉 (n1 ≥ n2 ≥ · · · ≥ ni) and 〈...〉 means
an average over all the particles in a single event. Af-
ter averaging over the whole events within the selected
centrality bin, the obtained 2- and 4-particle cumulants
are:
cn{2} = 〈〈2〉〉n,−n,
cn{4} = 〈〈4〉〉n,n,−n,−n − 2 · 〈〈2〉〉2n,−n,
(9)
Then, the 2- and 4-particle integrated flow harmonics
can be calculated as [66]:
vn{2} =
√
cn{2}, vn{4} = 4
√
−cn{4}. (10)
In general, the 4-particle correlations in flow har-
monics vn{4} could largely suppress the non-flow ef-
fects from jets, resonance decays and etc.. However,
they still significantly influence vn{2} obtained from
the 2-particle correlations. To suppress such non-flow
effects, one divides the whole event into two sub-events
with a certain pseudorapidity gap |∆η|, and then calcu-
late the modified 2-particle azimuthal correlations as:
〈2〉|∆η|n,−n =
QAnQ
B∗
n
MAMB
, (11)
where Q
A(B)
n and MA(B) are the Qn-vectors and mul-
tiplicities of sub-event A(B). The Q-cumulant and flow
harmonics from 2-particle correlations with a |∆η| gap
become:
cn{2, |∆η|} = 〈〈2〉〉|∆η|n,−n, vn{2, |∆η|} =
√
cn{2, |∆η|}.
(12)
One could also define a single-event correlator aver-
aged over the Particles Of Interests (POIs). Such POIs
can be some specific identified hadrons or the hadrons
within some transverse momentum ranges and so on,
depending on the physics interested. With the corre-
lators of POIs, one can further calculate the (differ-
ential) flow harmonics flow of all charged hadrons or
identified hadrons and etc. in a similar way as described
above. Again the non-flow effects can be suppressed by
a pseudo rapidity gap |∆η|. For the limited space, we
will not further outline the lengthy formulas, but refer
to [66,67] for details.
Note that the Scalar Product (SP) method is also
belong to the framework of two-particle correlations,
but uses different event average weights when compared
with the the standard Q-cumulant method [66]. We
found that, for the iEBE-VISHNU hybrid model simula-
tions with non-flows mainly contributed from resonance
decays, the Q-cumulant method and the scalar product
method generate almost identical flow harmonics from
semi-central to semi-peripheral collisions [18,68]
Distributions of event-by-event flow harmonics
The event-by-event vn distributions reflect the event-
by-event fluctuations of the initial states of relativistic
heavy-ion collisions, which are not significantly influ-
enced by the hydrodynamic evolution and can provide
strong constraints for the initial condition models [19,
20,69].
In general, one first calculates the per-particle flows
from an expansion of the particle distributions in az-
imuthal angle φ and then obtains the event-by-event
distributions of flow harmonics in a selected centrality
bin. However, finite multiplicities and non-flow effects
can make the distributions of observed per-particle flow
deviate from the true distributions. To suppress such ef-
fects, one implements the standard Bayesian unfolding
procedure[20,70] to obtain the true vn distributions.
For the limited spaces, we do not out-line the details to
calculate the vn distributions and the related Bayesian
unfolding procedure, but refer to [20,70] for details.
For a selected centrality bin, the averaged flow har-
monics 〈vn〉 from model calculations and experimental
measurements are not exactly the same, but exist some
differences. To get rid of such influences and focus on
the shape of the vn distributions, one defines the scaled
event-by-event vn distributions P (vn/〈vn〉), which are
generally used to evaluate the related model calcula-
tions with certain initial conditions [19,20].
Event-plane correlations
The event-plane correlations evaluate the correla-
tions of various flow angle combinations, which shed
lights on the initial state fluctuations and the non-linear
response of the evolving system [23,24,25,26,27]. Fol-
6lowing [23,25], we implement the Scalar-Product method
to calculate the event-plane correlations. The two and
three event-plane correlations are defined as:
cos [c1n1Ψn1 − c2n2Ψn2 ]
=
〈Q˜c1n1AQ˜c2∗n2B〉√
〈Q˜c1n1AQ˜c1∗n1B〉
√
〈Q˜c2n2AQ˜c2∗n2B〉
cos [c1n1Ψn1 + c2n2Ψn2 − c3n3Ψn3 ]
=
〈Q˜c1n1AQ˜c2n2AQ˜c3∗n3B〉√
〈Q˜c1n1AQ˜c1∗n1B〉〈Q˜c2n2AQ˜c2∗n2B〉〈Q˜c3n3AQ˜c3∗n3B〉
,
(13)
Here, the subscript “A” and “B” donate the two
different sub-events, which are separated by a |∆η| gap.
The reduced flow vector Q˜n is defined as:
Q˜n ≡ 1
N
∑
j
einϕj , (14)
where N is the number of particles in a sub-event,
and ϕj is azimuthal angles of particle i. Note that for
a specific two or three event-plane correlator, the az-
imuthal symmetry requires that c1n1 − c2n2 = 0 or
c1n1 + c2n2 − c3n3 = 0 [23,25].
The Symmetric Cumulant
The Symmetric Cumulant SC(m,n) measures the
correlations between different flow harmonics, which is
defined as [29,27]:
SCv(m,n) = 〈〈cos(mϕ1+nϕ2−mϕ3 −nϕ4)〉〉c
= 〈〈4〉〉n,m,−n,−m − 〈〈2〉〉n,−n · 〈〈2〉〉m,−m
=
〈
v2mv
2
n
〉− 〈v2m〉 〈v2n〉 . (15)
Here the symmetric cummulant is only defined with
m 6= n with two positive integers m and n. The single
event 4-particle and 2-particle correlations 〈4〉n,m,−n,−m,
〈2〉n,−n and 〈2〉m,−n can be expressed in term of the Q-
vectors (please refer to [27,29] for details), and 〈〈...〉〉
denotes an average over all the events.
To evaluate the relative strength of the correlations
between different flow harmonics, one defines the Nor-
malized Symmetric Cumulants:
NSCv(m,n) =
SCv(m,n)
〈v2m〉〈v2n〉
, (16)
where 〈v2m〉 and 〈v2n〉 can be calculated by the 2-particle
cumulants in Eq.(10). For details, please refer to [29,32].
Non-linear response coefficients
The non-linear evolution of the QGP fireball leads to
the mode-couplings between different flow harmonics,
which could be evaluated by the non-linear response
coefficients [27,71,74]. Except for the second and third
order anisotropic flows which are linearly proportional
to second and third order eccentricities of the initial
state, the higher-order anisotropic flow vectors contain
contributions of both linear and nonlinear parts, which
can be decomposed as [27,71,74]:
V4 = V4L + χ422V
2
2 , V5 = V5L + χ523V2V3,
V6 = V6L + χ624V2V4L + χ633V
2
3 + χ6222V
3
2 ,
V7 = V7L + χ725V2V5L + χ734V3V4L + χ7223V
2
2 V3.
(17)
Here, the non-linear terms directly involve the con-
tributions from lower order flow anisotropies and the
corresponding coefficients χmnl and χmnlk are called
as the non-linear response coefficients (mode-coupling
coefficients). Following [74], we implement the Scalar-
Product method to calculate the mode coupling coeffi-
cients, which are expressed as:
χ422 =
〈Q˜4AQ˜∗2BQ˜∗2B〉
〈Q˜2AQ˜2AQ˜∗2BQ˜∗2B〉
, χ523 =
〈Q˜5AQ˜∗2BQ˜∗3B〉
〈Q˜2AQ˜3AQ˜∗2BQ˜∗3B〉
, χ624 =
〈Q˜6AQ˜∗2BQ˜∗4B〉〈Q˜22AQ˜∗22B〉 − 〈Q˜6AQ˜∗32B〉〈Q˜4AQ˜∗22B〉(〈Q˜4AQ˜∗4B〉〈Q˜22AQ˜∗22B〉−〈Q˜4AQ˜∗22B〉2) 〈Q˜2AQ˜∗2B〉 ,
χ633 =
〈Q˜6AQ˜∗23B〉
〈Q˜23AQ˜∗23B)〉
, χ6222 =
〈Q˜6AQ˜∗32B〉
〈(Q˜2AQ˜∗2B)3〉
, χ734 =
〈Q˜7AQ˜∗3BQ˜∗4B〉〈(Q˜2AQ˜∗2B)2〉 − 〈Q˜7AQ˜∗22BQ˜∗3B〉〈Q˜4AQ˜∗22B〉(〈Q˜4AQ˜∗4B〉〈(Q˜2AQ˜∗2B)2〉−〈Q˜4AQ˜∗22B〉2) 〈Q˜3AQ˜∗3B〉 ,
χ725 =
〈Q˜7AQ˜∗2BQ˜∗5B〉〈Q˜2AQ˜∗2BQ˜3AQ˜∗3B〉 − 〈Q˜7AQ˜∗22BQ˜∗3B〉〈Q˜5AQ˜∗2BQ˜∗3B〉(〈Q˜5AQ˜∗5B〉〈Q˜2AQ˜∗2BQ˜3AQ˜∗3B〉−〈Q˜5AQ˜∗2BQ˜∗3B〉2) 〈Q˜2AQ˜∗2B〉 , χ7223 = 〈Q˜7AQ˜
∗2
2BQ˜
∗
3B〉
〈Q˜22AQ˜∗22BQ˜3AQ˜∗3B〉
. (18)
Here, the whole event is divided into two sub-events,
A and B, with a |∆η| gap separation to suppress the
non-flow effects. The reduced flow vectors Q˜nA and
Q˜nB are defined by Eq.(14), and 〈...〉 means averaging
over the whole events, and then taking the real parts.
pT -dependent factorization ratio
The produced hadrons at different transverse mo-
mentum pT do not share a common flow angle, which
leads to the break-up of the flow harmonics factoriza-
tions. To evaluate the strength of such break-ups, one
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Fig. 3 (Color online) pT spectra of pions, kaons, and protons in 0-5% and 30-40% Pb+Pb collisions at 2.76 A TeV and 5.02
A TeV, calculated from iEBE-VISHNU with TRENTo and AMPT initial conditions. The experimental data at 2.76 A TeV are taken
from the ALICE paper [75].
defines the pT -dependent factorization ratio [34,36]:
rn(p
a
T , p
b
T ) ≡
Vn∆(p
a
T , p
b
T )√
Vn∆(paT , p
a
T )Vn∆(p
b
T , p
b
T )
, (19)
Here, Vn∆ are the average value of cos(n∆φ) for all
particles pairs within a momentum bin range, together
with a |∆η| gap to reduce the non-flow effects. It can
be calculated as[36]:
Vn∆ ≡ 〈〈cos(n∆φ)〉〉 = 〈Q˜a(b)n Q˜a(b)∗n 〉, (20)
where 〈〈 ...〉〉 denotes averaging over all particle pairs
in a single event and then taking an average over all
events. Q˜
a(b)
n is the reduced flow vector of POIs cal-
culated within a specific p
a(b)
T bin and rapidity range:
Q˜
a(b)
n ≡ 1N
∑
j e
inϕj . The related average 〈...〉 means
averaging over the whole events, and then taking the
real parts.
4 RESULTS AND DISCUSSIONS
Before studying and predicting various flow observ-
ables, it is important to check the pT spectra of iden-
tified hadrons since it reflects the radial flow of the ex-
panding system. Fig. 3 shows the pT spectra of pions,
kaons, and protons in 0-5% and 30-40% Pb+Pb colli-
sions at 2.76 A TeV and 5.02 A TeV. The left two pan-
els compare iEBE-VISHNU calculations with the ALICE
data [75] at 2.76 A TeV. For both TRENTo and AMPT
initial conditions, iEBE-VISHNU nicely fit the data for
these two selected centrality bins, which indicates that
hybrid model simulations generate proper amounts of
radial flow. Note that the slope of the pT spectra is sen-
sitive to the initial time τ0 and the switching temper-
ature Tswitch. The massive data evaluations from early
iEBE-VISHNU simulations with TRENTo initial condi-
tions prefer Tswitch = 148 MeV and τ0 = 0.6 fm/c in
2.76 A TeV Pb+Pb collisions [43]. For simulations with
the AMPT initial conditions, we continue to use the same
values of Tswitch and τ0. This leads to slightly softer
pT spectra for protons and slightly harder pT spectra
for pions compared with the results obtained with the
TRENTo initial conditions, but still make an overall good
fit of the measured data below 2 GeV.
Fig. 3 (c) and (d) show the VISHNU predictions for
the pT -spectra of pions, kaons and protons in 5.02 A
TeV Pb + Pb collisions. As introduced in Sec. II, we
use almost the same parameter sets as the ones at 2.76
A TeV, except for tuning the normalization factors of
the initial entropy/energy densities to achieve a nice fit
of the final multiplicities of all charged hadrons in 5.02
A TeV Pb+Pb collisions. Panels (c) and (d) show that
the pT -spectra in 5.02 A TeV are higher and flatter than
ones in 2.76 A TeV, which illustrates that stronger ra-
dial flow has been developed in the systems with larger
final multiplicities at the higher collision energy.
Fig. 4 shows the integrated flow harmonics vn (n=2-
4) of all charged hadrons in 2.76 A TeV and 5.02 A TeV
Pb + Pb collisions. Following [13] and [44], we calcu-
late the flow harmonics vn using the 2-particle cumulant
method within 0.2 < pT < 5.0 GeV and |η| < 0.8, to-
gether with a pseudo rapidity gap |∆η| > 1.0. For both
TRENTo and AMPT initial conditions, the transport coef-
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Fig. 4 (Color online) Integrated flow vn (n=2-4) of all charged hadrons in Pb + Pb collisions at 2.76 A TeV (left panel) and
5.02 A TeV (right panel), calculated from iEBE-VISHNU with TRENTo and AMPT initial conditions. The experimental data are
taken from [13] and [44], respectively.
ficients and other related parameters in iEBE-VISHNU
have been fine tuned to fit the flow harmonics vn in
2.76 A TeV Pb+Pb collisions (please refer to Sec.II
for details). We found, with the extracted η/s(T ) and
ζ/s(T ) (para-I in Fig. 1) for TRENTo initial condition
and η/s = 0.08 and ζ/s = 0 (para-II in Fig. 1) for AMPT
initial condition, iEBE-VISHNU can nicely describe the
centrality dependent flow harmonics vn in both 2.76
A TeV and 5.02 A TeV Pb+Pb collisions. The com-
parison runs in [47] also showed that, with the same
sets of transport coefficients, MUSIC+IP-Glasma sim-
ulations can nicely fit the vn data at these two collision
energies. In contrast, the early calculations of the flow
harmonics in 200 A GeV Au+Au collisions and 2.76 A
TeV Pb+Pb collisions indicated that the average QGP
shear viscosity is slightly larger at the LHC than at
RHIC, when the final multiplicities increase by about a
factor of two [16,8]. In fact, the final multiplicities be-
tween 2.76 A TeV to 5.02 A TeV Pb+Pb collisions only
differ by ∼30%, which corresponds to ∼10% change of
the initial temperature. We thus do not fine-tuning the
transport coefficients for each collision energies, but use
the same parameter sets. We find that such choice of
parameters can simultaneously fit the individual flow
harmonics in both 2.76 A TeV and 5.02 A TeV Pb+Pb
collisions.
Fig. 5 shows the differential flow harmonics vn(pT )
(n=2-4) of all charged hadron in 0-5% and 30-40% Pb
+ Pb collisions at 2.76 A TeV and 5.02 A TeV, calcu-
lated by iEBE-VISHNU and measured by ALICE using
the 2-particle cumulant method within |η| < 0.8 3. For
3Instead of imposing a pseudorapidity cut |∆η| > 1.0 as [13]
and [44], we calculate the 2- particle cumulants using two sub-
TRENTo initial conditions, iEBE-VISHNU roughly fit the
ALICE data in these two collision energies, but with
slightly larger slopes. This leads to over-predictions of
the vn(pT ) data above 1 GeV, especially for the 30-40%
centrality. In fact, the parameter sets used in our cal-
culations were obtained from the massive data fitting
of the particle yields, mean pT and integrated flow har-
monics in 2.76 A TeV Pb+Pb collisions [43]. Consider-
ing the relatively larger error bars, the differential flow
harmonics vn(pT ) were not included in the early mas-
sive data evaluations. This partially explains why the
current iEBE-VISHNU simulations with TRENTo initial
conditions do not perfectly describe the vn(pT ) data.
Note that the MUSIC + IP-Glasma simulations [47]
also over-predicted the slope of the vn(pT ) curves and
did not very nicely fit the vn(pT ) data in both 2.76
A TeV and 5.02 A TeV Pb+Pb collisions. Compared
with these two simulations, iEBE-VISHNU with AMPT
initial condition gives a better description of the data,
especially for 30-40% centrality. We have also noticed
that vn(pT ) data below 0.5 GeV are all slightly under-
predicted for these simulations with different initial con-
ditions. In [77], it was pointed out that the vn(pT ) data
at lower pT region may contaminated by residual non-
flow effects, which have not been fully removed.
Fig. 6 shows the differential flow harmonics vn(pT )
(n=2-4) of identified hadrons in 10 − 20% and 30 −
40% Pb+Pb collisions at 2.76 A TeV and 5.02 A TeV.
events with |∆η| > 0 in order to reduce the error bars of the
limited iEBE-VISHNU runs. The non-flow effects in iEBE-VISHNU
are dominated by resonance decays. The past simulations [18,
76] have shown that the vn(pT ) curves with |∆η| > 0 and
|∆η| > 0.8 cuts almost overlap.
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Fig. 5 (Color online) The differential flow harmonics vn(pT ) (n=2-4) of all charged hadrons in 0-5% and 30-40% Pb + Pb
collisions at 2.76 A TeV (left panels) and 5.02 A TeV (right panels), calculated from iEBE-VISHNU with TRENTo and AMPT initial
conditions. The experimental data are taken from [13] and [44], respectively.
Following [77], we calculate vn(pT ) using the Scalar
Product method with particle of interest (POIs) and
reference particles (RPs) selected from two sub-events
within −0.8 < η < 0 and 0 < η < 0.8. Note that
the ALICE data at 2.76 A TeV [77] have further sub-
tracted the residue non-flow effects using the correc-
tions from p–p collisions. This is not necessary for our
iEBE-VISHNU calculations since the related non-flow ef-
fects are mainly from resonance decays. The left panels
(a-c) compare our model calculations with the data in
2.76 A TeV Pb+Pb collisions. For TRENTo initial con-
dition, iEBE-VISHNU can roughly describe the vn(pT )
of pions, kaons and protons at 10-20% centrality, but
over-predicts the vn(pT ) above 1 GeV at 30-40% cen-
trality. For AMPT initial condition, iEBE-VISHNU gives
an overall quantitative description of the ALICE data
for these two selected centrality bins. The situation is
similar to the case in Fig. 5 since vn(pT ) of identified
hadrons reflect both the total momentum anisotropies
and their distributions among various hadron species.
In the right panels (d-f), we predict vn(pT ) (n=2-4)
of pions, kaons and protons in 5.02 A TeV Pb + Pb col-
lisions, together with a comparison to the iEBE-VISHNU
results in 2.76 A TeV Pb + Pb collisions. For both
TRENTo and AMPT initial conditions, the differences be-
tween these two collision energies are pretty small, which
also show similar vn mass-orderings. Note that the mea-
sured and calculated vn(pT ) (n=2-4) of all charged hadrons
also almost overlap between these two collision energies
(please refer to Fig. 5 in this paper and Fig. 2 in [44]).
The early comparison of the flow harmonics at RHIC
and the LHC has shown that v2(pT ) of all charged
hadrons almost overlap, while the v2 mass splittings
between pions and protons are enlarged with the in-
crease of collision energy[78]. As shown in Fig. 6, the
vn mass-splittings between pions and protons slightly
increase from 2.76 A TeV to 5.02 A TeV due to the
slightly increased of radial flow.
In Ref. [47], the differential flow harmonics v2(pT )
of Λ, Ξ and φ have also been predicted, which presented
certain mass-ordering patterns among these strange and
multi-strange hadrons. While, other early research showed
that the v2 mass-orderings between Λ and p are largely
influenced by the pre-equilibrium flow [79] and the mag-
nitude of the vφ2 is sensitive to the interaction between
the φ meson and the hadronic matter [17]. Consider-
ing these complexities and the requirement of much
higher statistical runs for the model calculations, we do
not further predict vn(pT ) of these strange and multi-
strange hadrons, but leave it to future study.
Fig. 7 shows the scaled event-by-event vn distri-
butions (n=2-4) in 0-5% and 40-45% Pb + Pb colli-
sions at 2.76 A TeV and 5.02 A TeV. Following [20],
we first calculate the integrated v2 within transverse
momentum pT > 0.5 GeV and pseudorapidity |η| <
2.5, using the single-particle method, and then per-
form the standard Bayesian unfolding procedure [70,
20] to obtain the “true” vn distributions. The left pan-
els (a-c) compare the measured and calculated scaled
vn distributions P (vn/〈vn〉) in 2.76 A TeV Pb+Pb col-
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Fig. 6 (Color online) The differential flow harmonics vn(pT ) (n=2-4) of pions, kaons and protons in 10-20% an 30-40% Pb+Pb
collisions at 2.76 A TeV (left panels) and 5.02 A TeV (right panels), calculated from iEBE-VISHNU with TRENTo and AMPT initial
conditions. The experimental data at 2.76 A TeV are taken from [77].
lisions. For both AMPT and TRENTo initial conditions,
iEBE-VISHNU nicely describes the measured P (vn/〈vn〉)
curves from ATLAS. As observed in [19], the scaled
vn distributions follow the the scaled εn distributions,
for n=2 and 3, due to the linear hydrodynamic re-
sponse. For n=4, the scaled εn distributions show small
deviations from the experimental data in semi-central
Pb+Pb collisions [19]. The non-linear hydrodynamic
evolution coupling the modes between n=2 and n=4,
leading to a nice description of the P (vn/〈vn〉) data for
n=4.
The right panels (d-f) show iEBE-VISNU predictions
for the scaled vn distributions in 0−5% and 40−45% Pb
+ Pb collisions at 5.02 A TeV, together with a compar-
ison with the results at 2.76 A TeV. For both TRENTo
and AMPT initial conditions, the P (vn/〈vn〉) curves at
these two collisions energies overlap with each other.
As discussed in the above text, the scaled vn distribu-
tions mostly follow the scaled εn distributions, which
thus are insensitive to the collision energy.
Fig. 8 shows the event-plane correlations as a func-
tion of participants number in Pb+ Pb collisions at
2.76 A TeV and 5.02 A TeV. Following the ATLAS pa-
per [23], we calculate the event-plane correlations using
the scalar product method with a pseudorapidity gap
|∆η| > 1.0 and within pT >0.5 GeV and |η| < 2.5.
The left panels show that, for both TRENTo and AMPT
initial conditions, iEBE-VISHNU can roughly reproduce
the ATLAS data in 2.76 A TeV Pb + Pb collision 4.
More specifically, our model calculations nicely describe
the decreasing trends of 〈cos4(Ψ2−Ψ4)〉, 〈cos6(Ψ2−Ψ6)〉,
〈cos(2Ψ2+3Ψ3−5Ψ5)〉 and 〈cos(10Ψ2−4Ψ4−6Ψ6)〉, and
the increasing trends of 〈cos6(Ψ3−Ψ6)〉 and 〈cos(2Ψ2−
6Ψ3 + 4Ψ4)〉 with the increase of the participant num-
ber, which also shows close to zero values for 〈cos6(Ψ2-
Ψ3)〉, as measured in experiments. In Ref. [24], it was
found that the non-linear mode couplings and the re-
lated event-plane rotations during the hydrodynamic
4For the limited space, we do not plot the whole 14 event-
plane correlations as measured in experiments, but only show
7 representative correlations.
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Fig. 7 (Color online) The scaled event-by-event vn distributions in 0 − 5% and 40 − 45% Pb + Pb collisions at 2.76 A TeV
and 5.02 A TeV, calculated from iEBE-VISHNU with TRENTo and AMPT initial conditions. The experimental data at 2.76 A TeV
are taken from the ATLAS paper [20].
evolution are essential for a qualitative description of
various centrality-dependent correlations, which even
flip the signs of some correlators between initial and
final states. Their calculations also showed that event-
plane correlations are sensitive to both initial condi-
tions and the QGP shear viscosity [24]. However the
early VISH2+1 calculations, with either MC-Glauber or
MC-KLN initial conditions, failed to quantitatively de-
scribe all the measured event-plane correlation data. In
fact, both of these two initial conditions also have dif-
ficulties to fit all the flow harmonics vn as well as the
event-by-event vn distributions [20,72]. Compared with
the early investigations, our iEBE-VISHNU simulations
with TRENTo and AMPT initial conditions could nicely de-
scribe the data of individual flow harmonics, which also
largely improve the description of the event-plane cor-
relations. Similarly, the recent MUSIC simulations with
the successful IP-Glasma initial condition, also nicely
described these measured event-plane correlations [47].
The right panels of Fig. 8 show the iEBE-VISHNU
predictions on the event-plane correlations in 5.02 A
TeV Pb +Pb collisions, which almost overlap with the
corresponding ones at 2.76 A TeV. Some of the correla-
tors 〈cos4(Ψ2−Ψ4)〉, 〈cos6(Ψ2−Ψ6)〉, 〈cos(10Ψ2−4Ψ4−
6Ψ6)〉 and etc. shows certain separations for TRENTo and
AMPT initial conditions, but insensitive to the collision
energy. This indicates that the hydrodynamic responses
of the corresponding initial correlations are similar at
these two collision energies.
Fig. 9 shows the Symmetric Cumulants SCv(4, 2)
and SCv(3, 2) and Normalized Symmetric Cumulants
NSCv(4, 2) and NSCv(3, 2) in Pb + Pb collisions at
2.76 A TeV and 5.02 A TeV 5. Following [29], these
Symmetric Cumulants are calculated by the Q-cumulant
method within 0.2 < pT < 5.0 GeV and |η| < 0.8.
The left panels compare our model calculations with
5Other symmetric Cumulants SCv(4, 3) and SCv(5, 2)
SCv(5, 2) can also be predicted, using the same iEBE-VISHNU
simulations. However, the related Normalized Symmetric Cu-
mulants NSCv(4, 3) and NSCv(5, 2) NSCv(5, 2) require much
higher statistical runs to reduce the error bars. Therefore, we
do not further predict them here. For related investigations,
please refer to [32].
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Fig. 8 (Color online) Event-plane correlations as a function of participant number in Pb+ Pb collisions at 2.76 A TeV and
5.02 A TeV, calculated from iEBE-VISHNU with TRENTo and AMPT initial conditions. The data at 2.76 A TeV are taken from the
ATLAS paper [23], and the Npart values are taken from [23,64].
the experimental data in 2.76 A TeV Pb + Pb col-
lisions. For both TRENTo and AMPT initial conditions,
iEBE-VISHNU could roughly describe the centrality de-
pendent SCv(m,n) and NSCv(m,n), which also indi-
cate that v2 and v4 are correlated and v2 and v3 are
anti-correlated. In Ref. [73], it was pointed out that
both centrality bin width and non-trivial event weight-
ing influence the measured and calculated Symmetric
Cumulants. A quantitative description of the SC(m,n)
and NSC(m,n) data should further consider these fac-
tors, which we would like to leave them to future study.
The right panels of Fig. 9 show the iEBE-VISHNU
predictions for the Symmetric Cumulants SCv(4, 2) and
SCv(3, 2) and the Normalized Symmetric Cumulants
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Fig. 9 (Color online) Symmetric Cumulants SCv(m,n) and Normalized Symmetric Cumulants NSCv(m,n) in 2.76 A TeV
and 5.02 A TeV Pb + Pb collisions, calculated from iEBE-VISHNU with TRENTo and AMPT initial conditions. The SCv(3, 2) and
SCv(4, 2) data in 2.76 A TeV Pb+Pb collisions are taken from the ALICE paper [29].
NSCv(4, 2) and NSCv(3, 2) in 5.02 A TeV Pb + Pb
collisions. Due to the slightly larger integrated flow har-
monics, the absolute values of SCv(4, 2) and SCv(3, 2)
also increase from 2.76 A TeV to 5.02 A TeV Pb+Pb
collisions, while the Normalized Symmetric Cumulant
NSCv(4, 2) and NSCv(3, 2) do not significantly change
with the collision energy. In [32], it was pointed out that
theNSCv(3, 2) is mainly determined by theNSCε(3, 2)
from the initial state due to the linear response v2 ∝ ε2
and v3 ∝ ε3. Due to the mode coupling between v2 and
v4, NSC
v(4, 2) is influenced by both initial condition
and the non-linear evolution of the systems. Here we
find that NSCv(4, 2) shows certain sensitivity to the
initial conditions, but do not significantly change with
the collision energy even the hydrodynamic evolution
time increases.
In Fig. 10, we predict the centrality dependent non-
linear response coefficients in Pb + Pb collisions at
2.76 A TeV and 5.02 A TeV, using iEBE-VISHNU hybrid
model with TRENTo and AMPT initial conditions. These
non-linear response coefficients are calculated accord-
ing to the scalar-product formula Eq. (18) with two
sub-events divided by a pseudorapiduty gap |∆η| > 0.8
and within 0.3< pT <3.0 GeV and |η| < 2.4. For the
collision energies at both 2.76 A TeV and 5.02 A TeV,
these non-linear response coefficients present weak cen-
trality dependence, except for the χ7223. As found in the
early paper [71], these non-linear response coefficients
exhibit certain sensitivity to the initial condition. For
example, χ523, χ624 and χ723 show clear separations for
TRENTo and AMPT initial conditions. On the other hand,
the non-linear response coefficients, except for χ7223,
are not sensitive to these two collision energies in our
model calculations.
Fig. 11 shows the pT -dependent factorization ratios,
r2 and r3, as a function of p
a
T − pbT in 0 − 5% and
30− 40% Pb + Pb collisions at 2.76 A TeV and 5.02 A
TeV. Following [36], we calculate the pT -factorization
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Fig. 10 (Color online) iEBE-VISHNU predictions for the centrality dependence of the non-linear response coefficients in 2.76 A
TeV and 5.02 A TeV Pb + Pb collisions.
ratio, r2 and r3, using the scalar-product method with
|ηa,b| < 2.4 and |∆η| > 2. In upper panels, we compare
the iEBE-VISHNU results with the CMS data in 2.76 A
TeV Pb+Pb collisions. For both TRENTo and AMPT ini-
tial conditions, iEBE-VISHNU hybrid model roughly de-
scribe the measured r2(p
a
T , p
b
T ) data in four bins of p
a
T .
However, r3(p
a
T , p
b
T ) from iEBE-VISHNU drops sharply
at larger paT −pbT values, which obviously deviates from
the CMS data. In [47], it was pointed out that the
hadronic rescatterings during the late evolution ran-
domize the flow angles of v3, leading to larger factor-
ization breakings there.
The lower panels show the iEBE-VISHNU predictions
of r2(p
a
T , p
b
T ) and r3(p
a
T , p
b
T ) in 5.02 A TeV Pb+Pb col-
lisions. We found, for both TRENTo and AMPT initial con-
ditions, the values of r2 and r3 are pretty close for the
two collision energies at 2.76 A TeV and 5.02 A TeV,
which indicate that the non-linear response patterns do
not significantly change with the collision energy.
5 Summary
In this paper, we studied and predicted various flow
observables in Pb +Pb collisions at 2.76 A TeV and
5.02 A TeV, using the iEBE-VISHNU hybrid model with
TRENTo and AMPT initial conditions and with different
forms of the QGP transport coefficients. More specifi-
cally, we have calculated the integrated and differential
flow harmonics of all charged and identified hadrons,
the event-by-event vn distributions, the event-plane cor-
relations, the correlations between different flow har-
monics, the nonlinear response coefficients of higher-
order flow harmonics, and pT -dependent factorization
ratios. A comparison with the flow measurements in
2.76 A TeV Pb +Pb collisions showed that many of
these flow observables can be well described by our
model calculations with these two chosen initial con-
ditions, as long as the transport coefficients and other
related parameters are properly turned. Some of the
flow observables, such as the event plane correlations
〈cos4(Ψ2 − Ψ4)〉 and 〈cos6(Ψ2 − Ψ6)〉, the non-linear re-
sponse coefficients χ624 and χ723, and so on show cer-
tain separations for the results obtained with TRENTo
and AMPT initial conditions. A detailed study of these
related flow observables in the future may reveal more
details of the initial state fluctuation patterns and the
non-linear evolution of the systems.
With almost the same parameter sets, except for the
re-tuned normalization factors of initial entropy/energy
densities, we predicted various flow observables in 5.02
A TeV Pb+Pb collisions. For the flow harmonics vn
of all charged hadrons, our iEBE-VISHNU simulations
describe the measured data with the same transport
coefficients sets. This indicates that raising the col-
lision energy from 2.76 A TeV to 5.02 A TeV with
the final multiplicities increased by ∼ 30%, the trans-
port properties of the QGP fireball do not significantly
change. We also predict other flow observables, includ-
ing vn(pT ) of identified particles, event-by-event vn dis-
tributions, event-plane correlations, (Normalized) Sym-
metric Cumulants, non-linear response coefficients and
pT -dependent factorization ratios, for 5.02 A TeV Pb+Pb
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Fig. 11 (Color online) The factorization ratio, r2 and r3, as a function of paT − pbT in 0− 5% and 30− 40% Pb + Pb collisions
at 2.76 A TeV and 5.02 A TeV, calculated from iEBE-VISHNU with TRENTo and AMPT initial conditions. The experimental data
at 2.76 A TeV are taken from the CMS paper [36].
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collisions. We found many of these observables remain
approximately the same values as the ones in 2.76 A
TeV Pb+Pb collisions. Our theoretical investigations
and predictions could shed light to the experimental
measurements in the near future.
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